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ABSTRACT 

The Canning-Karra-Wilde (CKW) model explicitly incorporates age-structure change into dynamics of the 

economic production function and simulates economic output under high fertility and endogenous low-

fertility regimes (Karra, Canning, & Wilde, 2017). In this paper, we take advantage of the human capital 

adjustment that is included in the model’s structure to show the trajectory of labor productivity over 

time under these scenarios. We use the model to quantify the cost of failure to adequately invest in 

education during the age-restructuring of the population. Finally, we consider, relative to estimated 

economic growth and in light of digital technologies showing promise for African countries, the cost of 

community health programs that could produce the endogenous low-fertility scenario. Our paper 

demonstrates the usefulness of the CKW model in illustrating the effects of policy levers inherent in the 

model’s underlying economic production function and contributes to better understanding 

specifications of age-structure change in demographic dividend models. [149 Words] 

BACKGROUND 

In high-fertility countries, when women and couples with unmet contraceptive needs are able to access 

high quality family planning and reproductive health services, fertility can decline rapidly. Such fertility 

decline leads to changes in age structure that open a demographic window of opportunity for faster 

economic growth. Using this opportunity to a country’s advantage requires additional investments in 

women and children. 

The Canning-Karra-Wilde (CKW) model provides a rigorous tool for assessing the potential impact of a 

successful community-based family planning program on economic growth over time and the impact of 

investments in children (Karra et al., 2017). We use the CKW model to estimate aggregate output under 

two scenarios for five countries: Ghana, Kenya, Nigeria, Uganda, and Zimbabwe. It allows us to 

investigate the potential effect of an intensive community-based family planning and maternal child 

health program on economic growth and development outcomes such as education, women’s labor 

force participation, labor productivity, and capital accumulation.  

Designed specifically to consider economic production and fertility dynamics in sub-Saharan Africa’s 

high-fertility countries, the model is a macrosimulation of how much extra output is generated as 

fertility falls over a specific time horizon. The simulation uses two scenarios: one based on the UN high 

fertility variant and a low endogenous fertility variant based on slowly declining fertility. The mortality 

inputs (declining age-specific mortality rates over time) are a constant across the scenarios. Sex ratios in 

both scenarios follow the UN projections of sex ratios at birth and over time. The difference between 

these two variants closely parallels the aggregate shift in fertility experienced resulting from the 

community-based intervention in Matlab, Bangladesh, with a 0.8 decline in average births per woman 

after ten years. This simulation approach, with inputs and parameters based on economic theory and 

microeconomic evidence, traces the dynamic evolution of population age structure, accumulation of 

physical and human capital, and natural resource congestion.  

The model has a three-sector economy: a highly productive modern sector that uses physical capital, 

human capital, and labor; a traditional sector that uses land and labor (e.g. subsistence agriculture or 

other labor-intensive informal economies); and a raw material sector that requires no domestic inputs 
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(may require foreign funds and labor). It assumes age-specific male participation rates fixed at the initial 

input level over time. The age-specific female labor force participation rates in each five-year period 

change in response to fertility decline, following estimates of women’s substitution between childcare 

and work. The section that follows elaborates the production function that models economic 

development where only two of the three sectors use domestic labor and capital.  These are most 

pertinent to our discussion of human capital, labor productivity, and effects of changing age structure.1 

 

ECONOMIC DEVELOPMENT THREE SECTOR MODEL 

Production  

 
The Canning-Karra-Wilde (CKW) model simulates country output over time using a Lewis development 
economy with three sectors: a modern sector, a traditional/subsistence sector, and a raw materials 

sector, where modern and traditional sectors share the total labor supply across sectors to produce 
distinct commodities. The economy’s total output is the sum of output in all three sectors. The model 
holds the value of the raw materials sector constant. In the CKW model, aggregate production in the 

modern and traditional sectors is given by standard Cobb-Douglas production functions that are 
specified for each sector. Output in the modern sector, 𝑚, is a function of 𝐾, physical capital, and 𝐿, 

labor (either raw labor or adjusted for human capital), while output in the traditional sector, 𝑎, is a 
function of labor and 𝑁𝑎 , a non-renewable resource such as arable land: 
 

𝑌𝑎,𝑡 = 𝐴𝑎,𝑡 ⋅ 𝐹(𝐿𝑎,𝑡 , 𝑁𝑎) 

 

𝑌𝑚,𝑡 = 𝐴𝑚,𝑡 ⋅ 𝐹(𝐾𝑚,𝑡 , 𝐿𝑚,𝑡)�̅� 

 

𝐴𝑗 ,𝑡 = �̅�exp(𝜆𝑗 , 𝑡) 

 
with sectors 𝑗 = 𝑎, 𝑚 so that 𝑎 is traditional and 𝑚 is modern. 
 

𝐴 represents the proportion of outputs not explained by inputs (𝐾, 𝐿, 𝑁) and is thus an indicator of how 
efficiently and intensively inputs are utilized. In the general specification, 𝐴 or total factor productivity 
(TFP), has a growth rate of 𝜆 with the initial TFP level varying by sector. TFP at later points in time 

depends on the share of labor in that sector. 
 

Further developing the three equations above, in the modern sector function, labor input is adjusted for 
human capital as measured by education and health indicators. The traditional sector function uses raw 
labor input.  

 

𝑌𝑚,𝑡 = �̅�𝑚𝐾𝑚,𝑡
1−𝛼𝐿𝑚,𝑡

𝛼 exp(𝛾 ⋅ 𝐸𝑡 + 𝜀 ⋅ 𝐻𝑡) 

 
where 𝛾 is the return to education and 𝜀 is the return to health 

 

𝑌𝑎,𝑡 = �̅�𝑁𝑎
1−𝛽

𝐿𝑎,𝑡
𝛽

 

                                                             
1The full elaboration of the CKW specification for population growth, labor supply, capital accumulation and 
savings, labor allocation across sectors may be found in appendices to Karra, Canning, & Wilde (2017) online. 
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The change in output associated with small changes in physical capital or labor is the marginal product 

of capital or of labor, respectively. For the Cobb-Douglas production function, the marginal product of 
labor is the average product of labor multiplied by a constant. The marginal product of labor by sector 

from the CKW model is: 
 

𝜕𝑌𝑚,𝑡

𝜕𝐿𝑚,𝑡

= 𝛼 ⋅ �̅�𝑚𝐾𝑚,𝑡
1−𝛼𝐿𝑚,𝑡

𝛼−1 exp(𝛾 ⋅ 𝐸𝑡 + 𝜀 ⋅ 𝐻𝑡 ) =
𝛼𝑌𝑚,𝑡

𝐿𝑚,𝑡

 

 
𝜕𝑌𝑎,𝑡

𝜕𝐿𝑎,𝑡
= 𝛽 ⋅ �̅�𝑁𝑎

1−𝛽
𝐿𝑎,𝑡
𝛽−1

=
𝛽𝑌𝑎,𝑡

𝐿𝑎,𝑡
 

 
Similarly, the marginal product of 𝐾 in the modern  sector is: 

 
𝜕𝑌𝑚,𝑡

𝜕𝐾𝑚,𝑡

= (1 − 𝛼) ⋅ �̅�𝑚𝐾𝑚,𝑡
−𝛼𝐿𝑚,𝑡

𝛼 exp(𝛾 ⋅ 𝐸𝑡 + 𝜀 ⋅ 𝐻𝑡) =
(1 − 𝛼)𝑌𝑚,𝑡

𝐾𝑚,𝑡

 

 

Similarly, the marginal product of 𝑁𝑎  in the agricultural sector is: 
 

𝜕𝑌𝑎,𝑡

𝜕𝑁𝑎
= (1 − 𝛽) ⋅ �̅�𝑁𝑎

−𝛽
𝐿𝑎,𝑡
𝛽

=
(1 − 𝛽)𝑌𝑎,𝑡

𝑁𝑎
 

 
Aggregate output changes with increases in total factor productivity would be: 

 
𝜕𝑌𝑎,𝑡

𝜕𝐴𝑎 ,𝑡
=

𝑌𝑎,𝑡

𝐴𝑎 ,𝑡
 

 

Persistent and significant TFP level differences between sectors signal the presence of barriers to 
technology acquisition or some other form of friction in the low-TFP sector (Eberhardt & Teal, 2010). 
Thus changes in TFP would be expected from investments in technology. Empirically, traditional 

agriculture tends to have lower TFP than the modern sector. 
 

There are public policy implications from these formulas.   
 
A one percent increase in 𝐿 increases output in the modern sector by "𝛼” percent and output in the 

traditional sector by “𝛽” percent, where alpha and beta greater than zero less than one. With a one 
percent increase in 𝐾, output in the modern sector increases by “1 − 𝛼” and in the traditional sector by 
“1 − 𝛽”. And a one percent increase in TFP increases output by one percent.  Thus, if public policies are 

being considered to stimulate the growth of real output, one needs to take the "exponents" of capital 
and labor into account in assessing the relative impacts of policies on the growth of inputs or the 

impacts of total factor productivity on the subsequent growth of real output.  
 
The functional form of marginal product of labor (MPL) has diminishing returns to labor, whereby 

increases in labor decreases MPL. In theory, in competitive economies, in the modern sector, the real 
wages paid to labor equals MPL. Firms cannot make a profit if they pay more than MPL. Wages paid in 
the traditional agricultural sector are equal to average product of labor. Both have implications for the 

effect of population growth on wages.  
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Theoretically, if agricultural labor inputs increase agricultural outputs very little beyond a certain level of 

production, then the addition of workers beyond this point will push wages down. If wages fall below 
subsistence level in the traditional agricultural sector, then additional workers (even family members 

working for household consumption) cannot be sustained. Nonetheless, cultural norms surrounding the 
institution of family mean that in traditional agricultural economies family workers might continue work 
on family land even though their labor does not actually increase aggregate output by as much as they 

consume. Traditional sectors can hide labor and buffer the transition to a modern industrial economy. 
Population growth can also mean that competition for jobs keeps wages low in the modern sector. It is 
important to continue to invest in traditional sectors as well as modern industries. For example, food 

scarcity could inhibit the growth of the modern sector because it affects the health of workers. Also, 
failure to invest in a traditional sector such as agriculture may hasten the exodus from these traditional 

jobs beyond the ability of job creation in the modern sector to absorb labor.  Finally, investment in 
technology could boost aggregate output from the agricultural sector or another traditional sector even 
as labor migrates to the modern sector. 

 
The CKW model assumes equilibrium in the labor market, that is no unemployment and wages equal to 
marginal product, such that workers will move freely between sectors until wages are equalized across 

sectors. With respect to capital, the CKW model assumes the country’s economy is closed to 
international capital flows. Equilibrium in the labor market means that the model estimates optimal 

output.  
 
Human Capital 

 
In this CKW model, labor inputs are adjusted for human capital as measured by indicators of education 
and health. Both the high fertility and low endogenous fertility scenarios estimated with the model 

assume no changes in returns to education or returns to health over time.  
 

In the Karra et al. (2017) analysis, the pace of change in age-specific fertility over time is the only 
difference between the two scenarios. This difference in pace affects the age distribution of the labor 
force, accumulation of human capital in the workforce, marginal product of labor, and ultimately, real 

output. The pace of change in the second scenario is a result of both the lower fertility schedule by age 
and the endogenous relationship between fertility and education. Education increases as fertility rates 

decrease, and an increase in education decreases fertility rates.  
 
The CKW model estimates average education of the workforce at time 𝑡 as the weighted sum of sex-

specific average levels of schooling divided by total labor supply: 
 

𝐸𝑡 =
(𝐸𝑓,𝑡 ⋅ 𝐿𝑓,𝑡 + 𝐸𝑜,𝑡 ⋅ 𝐿𝑜,𝑡)

𝐿𝑓,𝑡 + 𝐿𝑜,𝑡
 

where 𝑓 is female and 𝑜 is male. 
 
Karra et al. (2017) consider the workforce to be comprised of nine cohorts defined by five-year age 

groups from age 20 through age 64. Sex-specific average education of the workforce is calculated from 
the sex-specific average education of each cohort 𝑖: 

𝐸𝑓,𝑡 = ∑𝐸𝑓,𝑖𝑡 (
𝐿𝑓,𝑖𝑡

𝐿𝑓,𝑡
)

9

𝑖=1
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where 𝑖 = (20 − 24, 25 − 29, … ,60 − 64) 
 

The above equations make it clear that aggregate average education depends on the age distribution of 
the workforce and education attainment within each cohort.  

 
In the high fertility scenario, the authors treat education as exogenous and calculate it from extant data. 
In the low fertility scenario, education is endogenous: Average education of the female and male age 

cohorts (𝐸𝑓,𝑖𝑡 and 𝐸𝑜,𝑖𝑡, respectively) in the workforce at time 𝑡 depends on fertility through the 

parameter 𝜃𝐸 , which is assumed to be positive and captures the effect of fertility on children’s 

education. 𝜃𝐸  is weighted by average education of the cohort at age 20-24, from the high fertility variant 

which uses exogenous education (𝐸𝑓,1𝑡  and 𝐸𝑜,1𝑡, respectively).  Thus, in the low fertility endogenous 

variant: 

𝐸𝑓,𝑖𝑡 = 𝐸𝑓,𝑖−1,𝑡−1 = 𝐸𝑓,1𝑡 

for all 𝑖 > 1, i.e after age 20-24. 

 
Letting 𝐸𝑓,1𝑡

∗  be the average education of the age 20-24 cohort at time t under the high fertility variant, 

then 𝐸𝑓,𝑖𝑡  and 𝐸𝑜,𝑖𝑡 are functions of 𝐸𝑓,1𝑡
∗  and 𝜃𝐸  and total fertility rates (TFR) 2: 

 
𝐸𝑓,𝑖𝑡 = 𝐸𝑓,1𝑡

∗ [1 − 𝜃𝐸(𝑇𝐹𝑅𝑖+4
∗ − 𝑇𝐹𝑅𝑖+4)] 

 
Combining equations above: 
 

𝐸𝑡 =
[1 − 𝜃𝐸(𝑇𝐹𝑅𝑖+4

∗ − 𝑇𝐹𝑅𝑖+4)] ∑ 𝐸𝑓,1𝑡
∗ 𝐿𝑓,𝑖𝑡 + 𝐸𝑜,1𝑡

∗ 𝐿𝑜,𝑖𝑡
9
𝑖=1

𝐿𝑓,𝑡 + 𝐿𝑜,𝑡
 

 
The equations that describe the relationship of fertility and health mirror the equations above that 

describe the relationship of fertility and education. 𝜃𝐻  is an exogenous constant that captures the direct 
effect of fertility on our health indicator, adult height. 

 
The policy implication is that even with investments in a community health program that lowers fertility, 
investments in education and health must be sufficient to maintain the returns to education and health 

assumed in the model. The model values used come from empirical estimates of average returns. We 
estimate models with below average returns to education to demonstrate how much lower real output 

would be. These lower returns to education and health essentially lower the labor productivity. We 
interpret lower returns to education as less effective years of education which could be a mismatch of 
training and skills demanded. 

 
DATA 
Our analysis updates the population and fertility data used in the CKW model, using the 2019 edition of 

the UN World Population Prospects. We use the country-specific labor force participation rates from the 
ILOSTAT database and conducted literature searches to identify country-specific estimates for returns to 

education. 
 

                                                             
2Karra et al. (2017) provided supplemental appendices and provide the equation below. However, the 
equation in the appendix has an error in notation and is given as: 𝐸𝑓,𝑖𝑡 = 𝐸𝑓,1𝑡

∗ [1 + 𝜃𝐸 (𝑇𝐹𝑅𝑡−4
∗ −

𝑇𝐹𝑅𝑡−4)]. The estimates in Karra et al. (2017) are correctly calculated despite the notation error. 
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DISCUSSION 
Our additions to the CKW model analysis from Karra et al. (2017) allow us to discuss the policy impact of 

coordinating investments in community-based family planning programs, education suited to labor 
market opportunities, and sector-specific production enhancing technology.  
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PRELIMINARY RESULTS – TABLES AND FIGURES 

 

Table 1 – Model Fertility Rates  

 Initial Value High Variant(a) Low 

Endogenous(b) 

Most Recent 

Estimate (c) 

 2010-2015 After 20 years After 20 years 2017 

Ghana 4.25 3.46 2.12 3.9  

Kenya 4.44 3.84 2.76 3.8  

Nigeria 5.74 4.92 3.83 5.5  

Uganda 5.91 4.75 3.65 5.5  

Zambia 5.45 4.84 3.74 4.9 

 

Source: (a) 2015 Version of UN Population Estimates and Projections; (b) Model estimates; (c) World 

Bank 

Note: Total fertility rate represents the number of children that would be born to a woman if she were 

to live to the end of her childbearing years and bear children in accordance with age-specific fertility 

rates of the specified year. 

 

Table 2 – Estimated Returns to Education for Selected Countries 

 

 Source: Peet etal, 2105.  Economics of Education Review      

 Note: Estimates for Kenya and Zambia not available in this analysis 
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Figure 1 – Example of Fertility Decline from Model, Zambia 
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Figure 2 – Comparison of Female Labor Force Participation Rates Under 2 Fertility Scenarios 

[Note: Returns to education set to 10% (African Mean)]  

A. Ghana 

 

B. Kenya 
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C. Nigeria 

 

 

 

 

 

D. Uganda 
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E. Zambia 
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Table 2. Human Capital Index 

 

A. Ghana 

 

 

B. Kenya 

 

 

C. Nigeria 

 

 

D. Uganda 

 

 

E. Zambia 

 


